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Feynman rules for non-equilibrium field theory
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Abstract, Within the closed-time-path formalism, a set of real- and imaginary-time
propagators is obtained, which are suitable for the perturbative evaluation of Green
functions in non-equilibrium states of a scalar field theory, A generalized renormalization
procedure, described in earlier works, allows for the partial resummation of absorptive
parts of loop diagrams, so that finite quasiparticie lifetimes are incorporated in the
unperturbed propagators. In this way, low-order calculations are made to reflect the
time evolution of the non-equilibrium state, which is not correctly described by standard
perturbation theory.

1. Intreduction

It is often important to know how the state of a physical system described by a
quantum field theory changes in response to a changing environment. In particular,
when the system undergoes a phase transition, large departures from thermal
equilibrium may be expected, and special methods are required to describe the
dynamics of such events. The situations we have particularly in view are the phase
transitions which may have occurred in the early, rapidly expanding universe, with
profound cosmological consequences (see, for example, the works cited in [1]).
However, the techniques needed to deal satisfactorily with this problem should be
much more generally applicable.

As is well known, systems which remain in thermal equilibrium can be described
by the imaginary-time formalism [2], which exploits the formal analogy between
the statistical density operator p = exp(—3H) and the time evolution operator
exp(—ifft). Real-time information can, in principle, be obtained by analytic
continuation of the Green functions to real times, although this continuation is not
always straightforward [3]. For non-equilibrium states, and more particularly for
systems with time-dependent Hamiltonians, it is essential to formulate the theory
in real time. The theoretical framework for doing this, known as the closed-time-
path formalism, was first studied by Schwinger and Keldysh [4] and has since been
developed by many others. This formalism is reviewed in [5].

In this paper, we are concerned with systems whose Hamiltonians depend explicitly
on time, but whose state at an initial time, say ¢ = 0, is assumed to be one
of thermal equilibrium. For scalar field theories of this type, an elegant path-
integral version of the closed-time-path formalism was described several years ago
by Semenoff and Weiss [6]. Physically the assumption of an initial equilibrium state
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sits uneasily with a time-dependent Hamiltonian, but it may be quite reasonable
under appropriate circumstances, For example, the spectrum of black-body radiation
in an expanding universe is well known to remain thermal, but with a temperature
inversely proportional to the scale factor. Mathematically, this assumption is extremely
advantageous, since it leads (o a cleanly defined problem in field theory. Once this
problem is sufficiently well understood, it may well be possible to consider more
general initial states. Indeed, steps in this direction have been taken by Calzetta and
Hu [7] in the context of a model with a time-independent Hamiltonian.

In the formalism of Semenoff and Weiss, each quantum field ¢ is represented
by a set of three path-integration variables {¢;,¢,,;}. They inhabit the three
segments of a contour in the complex time plane which runs from ¢ = O along the
real axis to a final time T, returns along the real axis to ¢ = 0 and finally descends
to t = —if;, where 3, is the inverse of the initial temperature. Thus, for example, a
Heisenberg-picture operator A(¢) which is represented in the Schrédinger picture by
Ag is given by A(t) = U~1(1) AgU(t), where U(t) is the time-evolution operator.
Its expectation value is

(A1) = Tr[pU (1) AsU (1)] (1.1)

and the three segments of the contour arise from the path-integral representations of
the operators U(t), U~!(t) and p. More generally, a generating functional for Green
functions with arbitrary real-time ordering and for imaginary-time Green functions
can be constructed by including independent source terms in these three operators.

Semenoff and Weiss derived Feynman rules for the perturbative evaluation of the
Green functions, but these rules present an awkward problem in practice. Organized
in the obvious way, perturbation theory is an expansion about a free-particle theory.
In this context, it makes approximate sense to refer to single-quasiparticle modes of
excitation, and the unperturbed propagators involve the occupation numbers of these
modes. These occupation numbers ought to evolve with time, to reflect the changing
state of the system. However, the dissipative relaxation processes which give rise to
this evolution necessarily involve scattering, which is absent from the unperturbed
theory. Thus, the unperturbed propagators always involve the occupation numbers
appropriate to the initial time. Since only low-order calculations are tractable in
practice, one cannot expect to obtaiit expectation values, say, which evolve with time
in the correct manner.

In two earlier papers [8,9], we showed how perturbation theory may be
reorganized so as to remedy this situation. The idea, reviewed in section 2, is to effect
an approximate resummation of the absorptive parts of higher-order contributions to
the full propagators, incorporating these into modified versions of the unperturbed
propagators. Qne then finds that the quasiparticle modes of the unperturbed theory
have finite decay widths, and the associated relaxation times characterize the evolution
of their occupation numbers. In the spirit of standard renormalization theory, this
can be achieved by adding a suitable counterterm to the unperturbed part of the
action and subtracting it from the interaction part. By choosing the counterterm in
such a way that the new interaction vertex cancels (as nearly as possible) the higher-
order contributions to the self-energy, one optimizes the unperturbed propagator as
an approximation to the full propagator. When the time evolution is sufficiently
slow, and the decay widths sufficiently small, we found that the occupation numbers
approximately obey a kinetic equation of the Boltzmann type—a result which in some
measure confirms the efficacy of our approach to the problem.
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Our attention in these papers was restricted to the 2 x 2 matrix of real-time
propagators. To check that the technique is fully consistent, it is necessary to show
that this matrix can be embedded in the 3 x 3 matrix of real- and imaginary-time
propagators required by the complete formalism, and that is the purpose of the
present work. It was pointed out in [8,9] that in practice, only the real-time
propagators are needed for low-order calculations, provided that one inserts the
initial occupation numbers by hand. It is nevertheless desirable to assure oursclves
that the whole formalism can be consistently constructed. Moreover, when the
theory is extended to incorporate gauge fields (a task which will be discussed in a
separate publication) the propagators have a somewhat complicated, gauge-dependent
structure. Only by carefully constructing the full 3 x 3 propagator matrix, as was done
by Kobes er al [10] for the case of thermal equilibrium, can the correct results be
obtained.

It wrns out that the strategy needed to complete the construction of the
propagator matrix satisfactorily is a slightly curious one (or so it seems to the author),
and for this reason we present our analysis in some detail. The theory of the real-time
propagators is reviewed in section 2. In section 3, we derive the boundary conditions
satisfied by the nine real- and imaginary-time propagators and obtain expressions for
these. Though formally correct, these propagators are unsatisfactory, since they do
not properly reflect the initial equilibrium state. We explain why this comes about and
describe the remedy. Finally, our results are summarized and discussed in section 4.

2, Real-time propagators

We study the theory of a real scalar field ¢(=, ), defined by the action

T
s@) = [t [ @ [S0.07- v - md(e? - 3o )

which, with a suitable choice of the time-dependent mass m(t), would be appropriate
for a Robertson—Walker universe. Using standard path-integral methods [6, 11], one
finds that the generating functional for real- and imaginary-time Green functions is
given by

Z(Jy dyy Jy) = fD¢ID¢zD¢3exp [i5(¢1,¢2, #3) + ifdt 3z J . ¢] 2:2)

where

S(¢’1a¢21¢’3) = S(¢1) - S(¢2) + iSE(d’s) 2.3)

Sg denotes the Euclidean action
Bo 1 1 1 A

se@) = [ a7 [Po [1(6,07+ 1067 + 30187 + 5] 4
U .

and the time integration means

T Bo
fdt.f-qﬁ = ] dt{(J, o, + Jz¢2)+ ; dr Jybs. (2.5)
0
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The full propagators are given by

5 5

O
Gab(mix ) - 6Ja(.’8) 6-]1,(1") an(Jl"]29J3)

(2.6)

Ji=S=0=0

where « denotes (#,1) for a,b = 1,2 or (®, 1) for a,b = 3. In terms of the original
quantum field, the real-time propagators (a,b = 1,2) are the expectation values

Gu(mz') Gu(ze)\ _ o [ (Tlo(=)¢(@)]  [¢(2")é(=)]
(G;(r;:v’) Gz(:r:;:c’))“‘Tr [P( [6(z)p(2")] T[¢(E)¢(a¢')])] 27

where 1" and T denote time- and anti-time-ordering respectivély.
We showed in [9] that these propagators can be expressed in the form

i) =000 (UEI G0 +oe -0 (D) D)

(2.8)

so that they are all determined by a single complex function H(z;«'). Since we are
dealing with a spatially homogeneous system, the spatial arguments appear only in
the. combination (z — z’), and it is convenient to take a Fourier transform on this
variable:

; d*k : ' ,
H(z;z') = Wexp[lk-(m—z)}Hk(t,t). 2.9

Perturbation theory requires a lowest-order approximation to the propagators,
whose real-time components we denote by g.{t,1'), and these can be constructed
from a function h.(¢,%') as in (2.8). They are determined in the usual way as
solutions of an equation of the form

D, (t,8/0t)g, (¢, t') = g, (1, )D (1, 8/81") = —id(1 - )1 (2.10)

where Dy, is a differential operator associated with the unperturbed part of the action
(2.3). If we were to choose this unperturbed action simply by taking the quadratic
part of (2.1) (and ignoring, for now, the imaginary-time contribution Sg(¢;)), then
this differential operator would be

(62/at2 + k¥ 4+ m2(1) 0
0

De= —8%/012 — k? — mf’-(t)) '

(2.11)
However, in order to incorporate dissipative effects, it is helpful to choose a different
unperturbed action, and thus obtain a different form for D,. The idea is to optimize
g as an approximation to G by adding to D, terms which mimic the effect of higher-
order contributions to the self-energy. In order that it be possible to solve (2.10),
we require D, to be a local, second-order differential operator. We find [9] that
the most general form of this operator consistent with the structure of the real-time
self-energy matrix is

_ 3%/81 + B () — ia (1) v (1)0/0t + L4, (2) + iey,
Dy = (—nma/at S L) + o () —82/81~ (1) — iy (1) ) @12)



Non-equilibrium field theory 6497

where o, (t), B;(t) and «,(t) are real functions, even in k, which are yet to be
determined.
This differential operator arises from the action

&k
So( @y b2, ¢3) = fdtj 2ny (P11 1k — Porbri — B i brop — dreba_r)

= Y( D1 Pr-p — b2 b1os) + iog (By — D ) D1_p — b21)]
$--. @.13)

where the ellipsis represents the ¢, contribution which does not yet concern us.
The interaction part of the action is 5 — S, and it contains a counterterm vertex
involving o, B, and ;. Thus, these functions may be chosen in such a way that
the counterterm vertex cancels some part of the higher-order contributions to the
self-energy. In this way, the higher-order contributions are partially resummed, to
appear in the unperturbed propagators g.

It is perhaps worth emphasizing that the functions o, 3; and v, do not represent
an arbitrary modification of our original theory; they merely represent an arbitrary
choice of the lowest-order theory about which we perturb and this choice can be
made so as to optimize our low-order approximations. It will be seen, however, that
the action 5, in (2.13) has a structure different from that of (2.3), which consists of
a sum of terms, each depending on only one of the fields ¢,, ¢, and ¢;. Since the
latter structure arises automatically in the path-integral representation of a quantity
such as (1.1), our lowest-order theory is not in itself a true quantum field theory.
Indeed, the dissipative behaviour we are trying to describe arises mathematically only
when the theory is treated in some approximate manner, for example, by truncating
the perturbation series at some finite order. This point is discussed in some detail by
Calzetta and Hu [7]. On the other hand, the unitarity of the time-evolution operator
U(t) and the Hermiticity of the density operator p are reflected in a symmetry of 3,
which reads

S*(‘t’h ¢za¢3) = -5'(452, ¢1, ‘E’s) (2-14)
where
433(’% T) = ¢y(z, 8- 1) (2.15)

and we see that the unperturbed action (2.13) is consistent with this symmetry. (Note
that, since ¢,(=z,1) is real, ¢%,.(1) = ¢,_:(t).)

Given the differential operator (2.12), we can formally solve (2.10) for the real-
time propagators g. The function h, from which they are constructed in the form
(2.8) is given, in terms of two auxiliary functions Q,(t) and N, (t) by (9]

-1/2
he(t,¢) = § [ (D] ™ exp (— 3 (15 1)
x {[14 Ny ()] exp (=i, (¥, ) + [=1+ Np(2)] exp (if2, (¢, 1))}
(2.16)

where

t
"yk(t'g t) = j 7k(t”) dt”
Iy
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and Q,(¢',1) is similarly defined. The time-dependent frequency Q,(f) is any
solution of the equation

18, 307 L, 1.2
"z'gk 492 + Q% 5k_ﬂk (2.17)

while N, (t) satisfies

Q.\ /8 :
(at+‘7k+219k O )(a"f"m) Ny = 2o, (2.18)

In view of the @ functions appearing in (2.8), the factor exp[—Jv;(t/,t)] always
represents a decaying mode, so long as () is positive.

From now on, we simplify our notation by suppressing the wavevector subscripts.
The solution to (2.18) may be written as

i ’

— (0,1 —2i82(0,1) F o (t') [1 _ amzin(e 0] ()
N(ty=¢ [N+ Nae ]+j0 dt'e 1-¢ ]—Q(ﬂ) (2.19)
where N, and N, are (k-dependent) constants of integration, and N, is real.
Semenoff and Weiss [6] in effect determine these constants (for the case o, (1) =
vx(t) = 0) by considering the whole (3 x 3) propagator matrix and applying

snitahle hmlp_dn!v conditions at the endnmnfe of the three seoments of the time

contour. These boundary conditions wﬂl be discussed in detail in the following
section. At this point, we merely record the values which are obtained when
our dissipative counterterm is omitted; that is to say, when «(t) = ~(t) =
and B(t) = m2(t) + k% Assuming that the imaginary-time contribution to 5,
{equation (2.13)) is just the quadratic part of (2.4), and taking a solution to (2.17)
which satisfies Q(t = 0) = w = +/(m?(0) + k?), we obtain

N = [1 + 92(0)] cath ( ﬁuw) (2.20)
and
N, = le [Q(O) - EZ(—O)] coth (%ﬁuw) . (2.21)

We observe that the real-time propagators involve the mode functions
Fe() = (29(1)) /2 exp[£i02(0, )] 222)

which correctly incorporate the time-dependent frequency, and the occupation
numbers

n(t) = [exp(Byw) — 117" = 1 [coth (1 pw) — 1] (2.23)

which, incorrectly, are fixed at their initial values. In the case of a system which
remains in thermal equilibrium, with Q(t) = 0, we have just N; = 2n + 1 and
N, =0

2Ft:':r the purpose of carrying out low-order calculations in the non-equilibrium
theory, involving only the real-time propagators, it is probably sufficient to insert
suitable values of NV; and N, into (2.19) by hand. To derive these constants correctly,
however, it is necessary to construct the complete propagator matrix. That is the
central task of this paper and is addressed in the following section.
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3. Imaginary- and mixed-time propagators

From the derivation of the path integral (2.2), it is apparent that the full propagators
G(x; z') satisfy the continuity conditions

Gz, t,2',T) = Gp(z, 1,2, T)
G, (=, t;2',0) = G 3(x, t;2',0) 3.1
Gz, t,2',0) = Gu(=, 52, 5;)

(a = 1,2,3). Using the Heisenberg equations of motion for the original field
operators, it is also straightforward to derive the conditions [6]

o . . a1
57 Carl®2) o a7 Ca(®2 )|
=

=T
a . &
ﬁGaz(m;m') et = la—;TGas(‘U;fB’) o G.2)
a . 8
5y Cal®me)| = lﬁGas(x;x')I
ot t=g 97 bri=fo

(e = 1,2,3). Semenoff and Weiss [6] assumed that these boundary conditions would
also be satisfied by their unperturbed propagators, and this is indeed true. However,
the conditions (3.2) are not appropriate for our dissipative propagators, and we now
derive the correct version of these conditions.

In order to do perturbation theory, we wish to express the generating functional
for unperturbed Green functions

Zu Ty ds) = [ DDeDss e [iSy(d b +ifardar 8] 03
in the form
Za( s Jan Js) = constexp [~ [ atar 1, (Daa () A(0)] 34)
Supplementing the real-time action (2.13} with the quadratic part of (2.4), we have
I B £ . )
So=3 ) 4t[di- 33— B - D) - V(O(idy = i) + i) (1 - )]
1. Po L2 242

+ 5i A dr [¢f + wied]. (3.5)

In the usual fashion, we shift the integration variables according to

$a(1) = G (t) +i f 4t goy (1, 1) 7, (1) 3.6)
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and seek to eliminate the terms linear in J, by imposing a condition analogous to
(2.10), namely

D(t,0fot)g(t, 1) = g(1,t")D(t',8/6t)
—ié(t—t') 0 0
= ( 0 —i6(t = 1) 0 ) 3.7
0 0 —&(r~7')

where the differential operator is now

82/91% + B(1) —ie(t) v(1)8/8t + Ly(t) + ia 0
D= (--,(t)alat— L4(t) +ia(t) -8/t — B(t) — ia(?) 0 )
1] 0 32/37'2 —w?
(3.8)

In implementing this procedure, it is necessary to integrate by parts, and boundary
conditions on the propagators arise from the requirement that the boundary terms
vanish. Taking account of the continuity conditions (3.1) and the corresponding
ocl))nditions on the fields (¢;(T7) = ¢,(T), $3(0} = ¢3(0) and $,(0) = p5(3,)), we
obtain

o a
é?gal(tv 1) = ﬁgaz(fst!)

t'=T =7

P , 1 8
E?Qaz(tst ) + ET(O)Haz(f’O) = 1@%3(1,7') 3.9

ti=0 =0

o . ., -
E?Qalttat') o + 57(”)9:12(7:’0) = 1“5"1':79a3(t37 )
t'=

=8

The first of these conditions is automatically satisfied by the real-time propagators
described in the previous section. Solving (3.7) for the remaining propagators and
applying the conditions (3.1) and (3.9), we find

953(7, 7)) = h_(7)hy (7)0(r — ) + Ay (7Y _(7)0(7" = 7)

+ (% = 1) [h_(7)A (7)) + b (T)R_(7")] (3.10)
where

hy(r) = (2w)~Y2etwr (3.11)
and

9i3(t, 7) = gult, 7) = ggy(r,t) = g32(7,1)
= A S(Oh_(r)+ A f(DR(T) + A fT (DR _(7) + AS (D) R (7)
(3.12)

with

F(1) = (29())" Y2 exp [-14(0, 1) - i2(0, )] (3.13)
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the A; being constants of integration. We note that the imaginary-time propagator
(3.10) is identical with that found in the imaginary-time formalism which applies
to states of exact thermal equilibrium. Also, the equality of the four mixed-time
propagators in (3.12) is required for causality, in the sense that a Green function
G(4,...,t,) is independent of the state of the system at times greater than all of
the arguments t,,...,%,.

The values of the constants of integration are conveniently expressed in terms of
the guantities

Ny= N(0) = N, + N, (3.14)

Ny = N(0) = =4, Ny = (v, + 2iQ,) N, (3.15)
where v, = (0) and 2, = Q(0). We find

1 o 1
Ny=~ [Q +‘55T] coth (Eﬁuw) (3.16)
oo 2} D, 1

Ny = 5 [ (Qu+1290) (QU-I-IZQU 1‘\{0)] coth (zﬁuw) (3.17)
with €, = ©(0).

Although these results (along with the corresponding values of the A;, which we
do not record here) constitute a formally correct solution of our problem, they are
unsatisfactory, because they do not correctly reflect the initial state of equilibrium.
Consider, for simplicity, the mode] with a time-independent mass, which remains in
equilibrium. The decay constants < are non-zero, but we would expect them, along
with Q and IV to be time-independent. According to (2.18), we should then have

o

M= S@-am ¢19
and N = 0, and no choice of the real quantities o and €2 will make (3.16) and (3.17)
consistent with this expectation. To see what has gone wrong, let us temporarily ignore
the dissipative counterterm. Our system with time-independent mass will begin and
remain in equilibrium so Jong as the Hamiltonian which appears in the initial density
matrix is the same as that which governs the time evolution. Suppose that this is
50, but that we foolishly attempt to do perturbation theory by choosing different
unperturbed Hamiltonians for the density matrix and the time evolution. Although
the whole theory remains in equilibrium, our unperturbed theory obviously will not
do so.

Our present difficuity is of the same kind, though not identicai, since the
dissipative counterterm cannot be represented in terms of a Hamiltonian. To
resolve it, we must add to the imaginary-time part of S, a further counterterm
which makes the initial equilibrium state of the unperturbed theory consistent with
its subsequent time evolution. Naturally, this counterterm will also be subtracted
from the interaction, so that the whole theory remains unchanged. The only local
counterterm which respects the symmetry (2.14) (or, equivalently, the Hermiticity of
the density operator) is of the form

Bo Pk
Asu=j0 o | & )36k¢3,,37¢3_ (3.19)
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where 6, is real. Since S is homogeneous in imaginaty time, we take &, to be
independent of 7, in which case the integrand in (3.19) is a total derivative. Taking
account of the continuity of the fields and suppressing once again the wavevector
arguments and integration, we can write

A8y = 15 [43(80) - 43(0)]
= 36 [4}(0) ~ #3(0)]
= 18161(0)3(Bo) ~ $;(0)¢5(0)] (3.20)
We sce that the mew counterterm can be regarded as modifying the differential
operator (3.8) with é-function terms in several equivalent ways. However, it is

most straightforward to regard it as leaving P unchanged but modifying the last
two boundary conditions in (3.9), which now become

o 1 ] 1
_a?gaz(t’t’) , + i“fugal(tao) = l@gas(f»T') - Eégaﬁ(t50)
= =0
(3.21)
o 1 . a 1
gt-,gal(f,i') s + i‘fuyaz(fa 0) = lﬁgas(tf ) , - iégaS(taﬁU)'
= TJ:: &

With these new boundary conditions, the constants of integration (3.14) and (3.15)
become
1 Ky L6 1
= ; [QU + 1-2—520- - li] coth (iﬁuw) (3.22)

: i .y .6 Q. X 1
Ny= L o= (2 +ig —i8) (20t igg —ing -3 ) oot (600 . @29

The functions «, 3 and -+ will now, as before, be determined by a renormalization
prescription which partially resums loop corrections to the lowest-order propagators.
However, ¢ will be chosen to ensurc that the initial equilibrium state is properly
described. From now on, we assume that the solution of (2.17) for (¢} may be
chosen so that (2, = 0. We see from (3.22) that N, will have the correct phase, as in
(3.18), if we choose

N,

6=~ (3.24)

and from (3.23) that N, will then vanish if we impose the initial condition

2 = (W~ 1) (3.25)
on (2.17).
In order to recover (3.18), we would now have to assume that the initial value of
a(t) is
oy = ~ypw coth (%,Guw) = yyw(2ny + 1) (3.26)

where n, are the initial occupation numbers (cf equation (3.11) of [9]). This is
a constraint on our choice of the renormalization prescription used to determine
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a(t). It is satisfied by the prescription adopted in [9], at least at the level of
approximation used there. If this constraint is imposed, then we see from (2.18) that
N =0att =0 In the theory with time-independent mass, this will automatically
ensure that N remains constant at all times, as it should. In a theory without
time-translation invariance, the assumption of an instantaneous initial equilibrium is
obviously somewhat artificial, and one might not wish to insist on the conditions
(3.24)-(3.26). It is nevertheless important to know that the formalism can be made
to describe the case of thermal equilibrium correctly. We record that when these
conditions are insisted on, the remaining constants of integration in (3.12) are given
by

A = () —w+iy/2)
P 2 /(wf)(1 - e o)

Qtwtin2)
A, = = g~ Fw 47, 3,28
2 e — 1) (328

= efrv A} (3.27)

4. Summary and discussion

In this paper we have completed the derivation of a set of propagators suitable
for evaluating perturbatively the Green functions of a field theory which is driven
away from thermal equilibrium by time-dependent terms in its Hamiltonian. The
essential strategy is to use a generalized renormalization procedure to effect a partial
resummation of the absorptive parts of loop diagrams so that quasiparticle occupation
numbers in the unperturbed propagators evolve with finite relaxation times. We
worked in the specific context of a scalar field theory with time-dependent mass, which
is assumed to be in thermal equilibrium at some initial time, and further assumed the
state to be spatially homogeneous. We summarize herc our results for the (3 x 3)
matrix of propagators g,, in the closed-time-path formalism. For (e,b = 1,2) the
propagators have two real-time arguments and, after Fouricr transformation on their
spatial arguments, depend on a wavevector, which we suppress. They may be written
as

p R Y R*(1, ) ' A(,t)  R(¥,1)
sty =o-oy (J00 1A v -0 (150 KGD) e

where
h(t, ) = L)) exp (-La(t', 1))
x {[1+ N(#)] exp (I, 1) + [-1+ N* ()] exp (¥, 1))}
@4.2)

and the functions vy(#',t) and Q(¢',¢) were defined below (2.16) in terms of time-
dependent frequencies Q(t) and decay widths +(t). Time-dependent occupation
numbers are contained in the functions N(t) displayed in (2.19) where, provided the
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conditions (3.24) and (3.25) together with Q(0) = 0 are imposed, the constants of
- integration are given by

- o
Ny = [l lzgu] Ny N, = 1ZQ Ny 4.3)

with
Ny= [Q +il ]ooth( ,Guw) (4.4)

The remaining propagators are given by (3.10)-(3.13) with the constants of integration
(3.27) and (3.28).

It will be observed that the time-dependent occupation numbers are those
associated with the earlier of the two time arguments in the propagator, so that
no account is taken of the evolution of the state between the two times. This
may not be too important, since the propagators decay with the separation of their
time arguments, on the same time scale as that which governs the evolution of the
occupation numbers. The situation is nevertheless not entirely satisfactory. It arises
from our insistence on the use of local counterterms. In principle, one might try to
introduce non-local counterterms. The differential equation (3.7) would then become
an integro-differential equation, with coefficients (1), 8(¢) and -y(¢) which remain to
be determined from renormalization conditions. It seems to us that such a formalism
would be quite intractable,

The extension of our formalism to spinor and gauge fields, and t0 more general
time-dependent Hamiltonians, should be fairly straightforward, though possibly
involving long-winded algebra. It may also be possible to consider more general
initial states [7]. In general, one might expect non-equilibrium states to be spatially
inhomogeneous. If this inhomogeneity is sufficiently weak, it might be possible to treat
it perturbatively, using the homogeneous situation considered here as a lowest-order
approximation. However, a complete treatment is likely to be extremely complicated,
as is indicated by the discussion of Calzetta et af [12], who consider only free fields.
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